
A Study on the Wide-Sense Stationarity and Mean

Ergodicity of SOC Rayleigh Fading Channel Simulators

Carlos A. Gutiérrez, Anely Meléndez, Arturo Sandoval, and Hermes Rodrı́guez

Panamericana University, Campus Aguascalientes,
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Abstract. Stationarity and ergodicity are desirable properties of any stochastic

simulation model for small-scale mobile radio channels. These properties enable

the channel simulator to accurately emulate the channel’s statistical properties in

a single simulation run without requiring information on the time origin. In a pre-

vious paper, we analyzed the ergodicity with respect to (w.r.t.) the autocorrelation

function (ACF) of seven fundamental classes of stochastic sum-of-cisoids (SOC)

simulation models for mobile Rayleigh fading channels. In this paper, we con-

tinue our investigations on the subject by providing a comprehensive study on the

wide-sense stationarity and the ergodicity w.r.t. the mean value of these classes

of SOC channel simulators. The obtained results can be used in connection with

those presented in our previous paper to design efficient channel simulators for

the performance evaluation of modern mobile communication systems.

Keywords: Channel simulators, ergodic processes, mean value, mobile commu-

nications, sum-of-cisoids, wide-sense stationary processes.

1 Introduction

The proliferation of low-cost electronic devices with high computational capabilities

and the need that exists among telecommunications engineers for affordable and power-

ful tools for the performance evaluation of modern mobile communication systems have

turned the design of computer simulators into a major subject of research. When design-

ing a simulator for the performance assessment of wireless communication systems, it

is fundamental to choose a proper model to simulate the channel. This is of primary im-

portance, since the channel exerts a strong influence on the system’s performance [16,

Ch. 15]. Several different simulation models for multipath radio channels have been

proposed in the literature, such as those based on autoregressive processes [1], digital

filters [17], linear transformations of complex Gaussian sequences [4], and Karhunen-

Lòeve expansions of stochastic processes [19]. However, simulation models based on

a finite sum of complex sinusoids (cisoids) have been shown to be an excellent basis

for the design of single-input single-output (SISO) [7, 8] and multiple-input multiple-

output (MIMO) [15, 20, 21] multipath radio channel simulators. Sum-of-cisoids (SOC)

models are well suited for the simulation of fading channels under both isotropic and

non-isotropic scattering conditions, as demonstrated in [5]. They have found applica-

tions, e.g., in the laboratory analysis of space-time coding schemes [18].
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Two desirable properties of any stochastic simulation model for small-scale multi-

path radio channels are stationarity and ergodicity. These properties enable the channel

simulator to accurately emulate the channel’s statistical properties in a single simula-

tion run (ergodicity) without requiring information on the time origin (stationarity). In

the strict sense, a channel simulator is stationary if all marginal and joint probability

density functions (PDFs) of the random process characterizing the underlying simula-

tion model are time independent. On the other hand, a channel simulator is ergodic if

the time averages of the simulation model are equal to the ensemble averages. These

conditions are too stringent and are hardly satisfied in practice. However, the informa-

tion about the channel’s third- or higher-order statistics is rarely required to assessing

the performance of wireless communication systems. Hence, for most practical pur-

poses, it suffices if the channel simulator is wide-sense stationary (WSS) and ergodic

with respect to (w.r.t.) the mean value and the autocorrelation function (ACF). Indeed,

an important part in the statistical characterization of a channel simulator consists in

determining whether the simulation model is a WSS, a mean ergodic (ME), or/and an

autocorrelation ergodic (AE) random process.

In a previous paper [6], we analyzed the autocorrelation ergodicity of seven funda-

mental classes of stochastic SOC simulation models for mobile Rayleigh fading chan-

nels. In this paper, we continue our investigations on the subject by providing a com-

prehensive study on the wide-sense stationarity and mean ergodicity of these classes

of SOC channel simulators. To the best of the authors’ knowledge, the WSS and ME

properties of stochastic SOC channel simulators have not been systematically analyzed

so far. We notice, nonetheless, that some partial results are available in the literature.

In [5], the wide-sense stationarity, mean ergodicity, and autocorrelation ergodicity of

a class of SOC models defined by cisoids with constant gains, constant frequencies,

and random phases were studied. In [9], the first-order stationarity of the envelope of

the seven fundamental classes of stochastic SOC models was investigated. The work

in [12–14] is also worth mentioning. There, the authors analyzed the wide-sense sta-

tionarity, mean ergodicity, and autocorrelation ergodicity of stochastic sum-of-sinusoids

simulation (SOS) for mobile fading channels. Despite the similarities between SOS and

SOC models, we point out that the results obtained in [12–14] are not valid for SOC

channel simulators. This is because the ACF of an SOC model has more degrees of

freedom than the ACF of a conventional SOS model, as explained in [6, Sec. II]. The

findings reported in this paper complement those presented in [5,6,9,12–14] and can be

used as guidelines to design efficient channel simulators for the performance evaluation

of modern mobile communication systems.

The outline to the rest of the paper is as follows. In Section 2, we provide a brief

description of an statistical reference model for narrowband mobile Rayleigh fading

channels. In Section 3, we review the characteristics of the seven classes of stochastic

SOC simulation model for mobile Rayleigh fading channels. In Section 4, we system-

atically analyze the WSS and ME properties of the classes of stochastic SOC channel

simulators. Finally, Section 5 concludes the paper with some remarks and a summary of

key results. As a notational convention, we will use bold symbols and letters to denote

random variables and stochastic processes, whereas normal symbols and letters will be

used for constants and deterministic processes.
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2 The Reference Model

A small-scale narrowband mobile Rayleigh fading channel can be represented in the

equivalent baseband by a complex Gaussian random process

µµµ(t) = µµµI(t)+ jµµµQ(t), j ,
√
−1 (1)

where µµµI(t) and µµµQ(t) are stationary real-valued Gaussian processes with mean zero

and variance σ2
µµµ/2. Equation (1) may be rewritten in phasor notation as

µµµ(t) = ζζζ(t)exp{ jφφφ(t)} (2)

where ζζζ(t) =
√

µµµ2
I (t)+µµµ2

Q(t) and φφφ(t) = arctan
(
µµµQ(t)/µµµI(t)

)
. One can easily verify

that the first-order PDF of ζζζ(t) equals the Rayleigh distribution with parameter σµµµ [11,

Sec. 5.5], while the first-order statistics of φφφ(t) are characterized by a circular uniform

PDF [11, Sec. 5.6].

The statistical properties of the Rayleigh fading channel model described by the

complex Gaussian process in (1) are completely specified by the time-shift insensitive

(TSI) ACF rµµµµµµ(τ) of µµµ(t), where rxxxxxx(τ), E{xxx∗(t)xxx(t +τ)} for an arbitrary random pro-

cess xxx(t). The operators E{·} and (·)∗ stand for the statistical expectation and the com-

plex conjugate, respectively. Assuming a two-dimensional fixed-to-mobile propagation

environment, the ACF of µµµ(t) can be written as [3]

rµµµµµµ(τ) = σ2
µµµ

fmax∫

− fmax

p fff ( f )exp
{

j2π f τ
}

d f . (3)

where fmax is the maximum Doppler shift caused by the movement of the mobile termi-

nal, and p fff ( f ) is the PDF of the random Doppler frequencies of the channel’s multipath

components.

3 SOC Simulation Models

Most of the statistical properties of µµµ(t) relevant for system performance analysis—such

as its correlation properties, spectral characteristics, and the first-order distributions of

its envelope and phase—can accurately be emulated via a simulation model based on

a finite SOC, as demonstrated in [2, 7, 8]. Figure 1 shows the general structure of an

SOC Rayleigh fading channel simulator with N homogeneous cisoids1, the parameters

of which—gains, frequencies, and phases—are defined either as random variables or

deterministic quantities. An SOC simulation model can mathematically be described by

a complex random process µ̂̂µ̂µ(t) if any of the cisoids’ parameters is random, otherwise,

it is to be represented by a complex deterministic process µ̂(t). A classification of SOC

channel simulators based on the type of the cisoids’ parameters was introduced in [9].

All in all, eight fundamental classes of SOC simulators were identified in that paper.

1 By homogeneous cisoids we mean a group of cisoids characterized by the same type of pa-

rameters.
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Fig. 1. Block diagram of an SOC simulation model for Rayleigh fading channels [6].

Table 1. Classification of SOC simulation models for Rayleigh fading channels with respect to

the type of the cisoids’ parameters [9].

Parameters Gains Frequencies Phases

Class I Deterministic Deterministic Deterministic

Class II Deterministic Deterministic Random

Class III Deterministic Random Deterministic

Class IV Deterministic Random Random

Class V Random Deterministic Deterministic

Class VI Random Deterministic Random

Class VII Random Random Deterministic

Class VIII Random Random Random

These classes, which are listed in Table 1, will be taken as a reference in this paper to

carry out our investigations on the WSS and ME properties of SOC channel simulators.

For the analysis presented herein it is assumed that the following holds:

– All random variables are statistically independent.

– If the cisoids’ phases are random variables, then they are uniformly distributed over

[−π,π).
– If the cisoids’ Doppler frequencies are random variables, then they have a PDF

p fff ( f ) identical to that characterizing the statistics of the reference model’s Doppler

frequencies.

– If the cisoids’ gains are random variables, then they are identically distributed with

a mean value mc and a variance σ2
c = σ2

µµµ/N.

The concepts of stationarity and ergodicity do not apply on the Class I simulators, since

this class of models is completely deterministic. However, the information about the

temporal mean value (TMV) of the Class I simulators is fundamental to find out whether

or not a given class of stochastic SOC models is defined by a set of ME processes.
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4 WSS and Mean Ergodic Properties of SOC Channel Simulators

4.1 Definitions

Before we proceed to analyze the WSS and ME properties of SOC simulation models,

it is convenient to formally define the concepts of wide-sense stationarity and mean

ergodicity.

Definition 1 (WSS process) Let µ̂̂µ̂µ(t) be a random process. Then, µ̂̂µ̂µ(t) is said to be WSS

if [10, p. 555]:

– The mean value mµ̂̂µ̂µ(t), E{µ̂̂µ̂µ(t)} of µ̂̂µ̂µ(t) is time independent, i.e., mµ̂̂µ̂µ(t) = mµ̂̂µ̂µ.

– The ACF rµ̂̂µ̂µµ̂̂µ̂µ(t1,t2) , E{µ̂̂µ̂µ∗(t1) µ̂̂µ̂µ(t2)} of µ̂̂µ̂µ(t) depends only on the time difference

τ = t2 − t1, meaning that rµ̂̂µ̂µµ̂̂µ̂µ(t1,t2) is TSI, so that rµ̂̂µ̂µµ̂̂µ̂µ(t1,t2) = rµ̂̂µ̂µµ̂̂µ̂µ(τ).

Definition 2 (ME process) Let µ̂̂µ̂µ(t) be a random process whose mean value mµ̂̂µ̂µ(t) ,
E{µ̂̂µ̂µ(t)} is constant over time, so that mµ̂̂µ̂µ(t) = mµ̂̂µ̂µ. Then, µ̂̂µ̂µ(t) is said to be ME if [10,

Sec. 6.6]:

– The TMV m
(k)
µ̂ , 〈µ̂(k)(t)〉 of every sample function µ̂(k)(t) of µ̂̂µ̂µ(t) is equal to mµ̂̂µ̂µ,

i.e., m
(k)
µ̂ = mµ̂̂µ̂µ ∀k.

The notation
〈
x(t)

〉
stands for the time average of an arbitrary function of time x(t).

4.2 Classes of SOC Channel Simulators and Their Autocorrelation Properties

For the analysis of the wide-sense stationarity, it is necessary to determine if the ACF

of the random process µ̂̂µ̂µ(t) characterizing each of the seven classes of stochastic SOC

models is a TSI function. This was already done in [6]. The results there obtained are

summarized in Table 2, where θn denotes the phase of the n-th cisoid. This table also

summarizes the conclusions drawn in [6] regarding the autocorrelation ergodicity of the

seven classes of stochastic SOC models.

4.3 Classes of SOC Channel Simulators and Their WSS and ME Properties

Class I Channel Simulators The simulation models of Class I are characterized by a

deterministic SOC model

µ̂(t) =
N

∑
n=1

cn exp
{

j(2π fnt +θn)
}

(4)

where the cisoids’ gains cn, Doppler frequencies fn, and phases θn are arbitrary con-

stants. To ensure that the Doppler power spectral density (DPSD) of µ̂(t) is band-

limited, it is assumed that fn ∈ (− fmax, fmax), ∀n. The TMV mµ̂ ,
〈
µ̂(t)

〉
of this class

of deterministic SOC models is given as

mµ̂ = lim
T→∞

1

T

T/2∫

−T/2

µ̂(t)dt. (5)



Stationarity and Mean Ergodicity of SOC Channel Simulators 381

Table 2. Classes of SOC models and their autocorrelation properties [6].

Class Gains Frequencies Phases AE TSI ACF

I Deterministic Deterministic Deterministic — —

II Deterministic Deterministic Random Yes Yes

III Deterministic Random Deterministic No No/Yesa

IV Deterministic Random Random No Yes

V Random Deterministic Deterministic No No/Yesb

VI Random Deterministic Random No Yes

VII Random Random Deterministic No No/Yesb

VIII Random Random Random No Yes

aIf the boundary condition ∑N
n=1 ∑N

m=1,m 6=n
exp{ j(θm −θn)}= 0 is satisfied.

bIf the mean value of the random gains is equal to zero.

Substituting (4) in (5), and assuming that fn 6= 0, ∀n, we have

mµ̂ = 0. (6)

The k-th sample function of an stochastic SOC model can be represented by a de-

terministic process µ̂(k)(t) similar to that defined in (4). Therefore, the TMV mµ̂(k) ,〈
µ̂(k)(t)

〉
of µ̂(k)(t) is given as in (6) for all k regardless of the class of stochastic SOC

models under consideration.

Class II Channel Simulators Simulation models of this class are characterized by a

stochastic SOC model of the form

µ̂̂µ̂µ(t) =
N

∑
n=1

cn exp
{

j(2π fnt +θθθn)
}
. (7)

It is straightforward to verify that

mµ̂̂µ̂µ(t) = E{µ̂̂µ̂µ(t)}= 0. (8)

With reference to Definition 2, and taking account of (6) and (8), we can conclude that

the SOC models of Class II are ME, since m
(k)
µ̂ = mµ̂̂µ̂µ = 0, ∀k. Furthermore, given that

mµ̂̂µ̂µ(t) is constant over time and the ACF of µ̂̂µ̂µ(t) is TSI (see Table 2), it follows that the

Class II SOC simulators are WSS processes.

Class III Channel Simulators This class of simulators is defined by the set of stochas-

tic processes of the form µ̂̂µ̂µ(t) = ∑N
n=1 cn exp

{
j(2π fff nt + θn)

}
. For this class of SOC

simulators, we have

mµ̂̂µ̂µ(t) =
rµµµµµµ(t)

σ2
µ̂̂µ̂µ

N

∑
n=1

cn exp{ jθn} (9)
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where rµµµµµµ(t) is the TSI ACF of the reference channel model [see (3)]. Since the mean

value of µ̂̂µ̂µ(t) is time dependent, it follows that the Class III SOC simulators are not

WSS or ME processes. However, µ̂̂µ̂µ(t) proves to be a ME process if any of the following

conditions is met:

– The number of cisoids N is even and the phases θn are given such that θn =
−θn+N/2 = π/2 for n = 1, . . . ,N/2.

– The number of cisoids N is even, the phases θn are equal to each other, and the

gains are given such that cn =−cn+N/2 for n = 1, . . . ,N/2.

In turn, the wide-sense stationarity property of µ̂̂µ̂µ(t) holds if any of the aforementioned

conditions is fulfilled and ∑N
n=1 ∑N

m=1,m6=n exp{ j(θm −θn)}= 0 (cf. Table 2).

Class IV Channel Simulators The Class IV simulators are characterized by a stochas-

tic process µ̂̂µ̂µ(t) = ∑N
n=1 cn exp

{
j(2π fff nt +θθθn)

}
. It is straightforward to show that the

mean value of the Class IV simulators is time independent and equal to mµ̂̂µ̂µ = 0. We

can therefore conclude that the Class IV of SOC simulators is defined by a set of ME

random processes. Moreover, since the ACF of this class of SOC simulation models is

TSI (see Table 2), it follows that the SOC models of this class are also WSS random

processes.

Class V Channel Simulators This class of simulators is defined by the set of stochastic

SOC models µ̂̂µ̂µ(t) = ∑N
n=1 cccn exp

{
j(2π fnt +θn)

}
. In this case, the mean value of µ̂̂µ̂µ(t) is

equal to

mµ̂̂µ̂µ(t) = mc

N

∑
n=1

exp{ j(2π fnt +θn)}. (10)

It is clear from the previous equation that if mc 6= 0, then the mean value of the Class V

simulators is time dependent and µ̂̂µ̂µ(t) is not a WSS nor a ME process. However, if the

mean value of the random gains cccn is equal to zero, then mµ̂̂µ̂µ(t) = 0. Thereby, µ̂̂µ̂µ(t) proves

to be a WSS and a ME random process, since mµ̂(k) =mµ̂̂µ̂µ for all k, and rµ̂̂µ̂µµ̂̂µ̂µ(t2,t2) = rµ̂̂µ̂µµ̂̂µ̂µ(τ)
if mc = 0 (cf. Table 2).

Class VI Channel Simulators The Class VI simulators are characterized by a stochas-

tic process µ̂̂µ̂µ(t) = ∑N
n=1 cccn exp

{
j(2π fnt +θθθn)

}
. For this class of simulators, we have

that mµ̂̂µ̂µ(t) = mµ̂̂µ̂µ = 0. The simulation models of Class VI are therefore ME processes.

Moreover, they are also WSS, since their ACF is always TSI (cf. Table 2).

Class VII Channel Simulators This class of simulators is defined by the set of stochas-

tic SOC models of the form µ̂̂µ̂µ(t) =∑N
n=1 cccn exp

{
j(2π fff nt+θn)

}
. The mean value of this

class of simulators is equal to

mµ̂̂µ̂µ(t) =
mc rµµµµµµ(t)

σ2
µµµ

N

∑
n=1

exp{ jθn}. (11)
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From the previous equation, it follows that the mean value of the Class VII simulators

is time independent if mc = 0 or if the number of cisoids is even and θn = −θn+N/2 =
π/2 for n = 1, . . . ,N/2. If any of these conditions is fulfilled, then the SOC simulators

of Class VII are ME processes. On the other hand, based on the results presented in

Table 2, we can conclude that the SOC simulators of this class are both ME and WSS

if and only if mc = 0.

Class VIII Channel Simulators Simulation models of the Class VIII are characterized

by a random process µ̂̂µ̂µ(t) =∑N
n=1 cccn exp

{
j(2π fff nt+θθθn)

}
. For this class of SOC models,

one can easily verify that mµ̂̂µ̂µ(t) = mµ̂̂µ̂µ = 0. In view of this result, we can conclude

that the Class VIII SOC simulation models are ME random processes. They are also

WSS processes, as it was found in [6] that the ACF of this class of simulators is a TSI

function.

5 Conclusions

In this paper, we continued our investigations on the stationarity and ergodicity of SOC

simulation models for mobile Rayleigh fading channels. Specifically, we analyzed the

WSS and ME properties of seven fundamental classes of stochastic SOC channel sim-

ulators. Based on the results presented in this paper, we can conclude that the SOC

simulators of classes II, IV, VI, and VIII are always WSS and ME random processes.

On the other hand, SOC simulators of classes III, V, and VII are WSS and ME provided

that some specific conditions are fulfilled. The findings reported herein complement

those presented in a previous paper, where we analyzed the AE properties of the seven

classes of stochastic SOC models. Table 3 summarizes the results obtained in both pa-

pers. As a final remark, we observe that only the simulation models of Class II possesses

the desired WSS, ME, and AE properties. Hence, this type of models provide an excel-

lent basis for the design of efficient channel simulators for the performance analysis of

mobile communication systems.
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